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a b s t r a c t
We give bounds for the revised Szeged index, and determine the n-vertex unicyclic graphs
with the smallest, the second-smallest and the third-smallest revised Szeged indices for
n ≥ 5, and the n-vertex unicyclic graphs with the kth-largest revised Szeged indices for
all k up to 3 for n = 5, to 5 for n = 6, to 6 for n = 7, to 7 for n = 8, and to  n2 + 4 for
n ≥ 9. We also determine the n-vertex unicyclic graphs of cycle length r , 3 ≤ r ≤ n, with
the smallest and the largest revised Szeged indices.
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1. Introduction
Topological indices are graph invariants used in theoretical chemistry to encode molecules for the design of chemical
compounds with given physicochemical properties or given pharmacological and biological activities [25]. In this paper, we
consider a topological index named the revised Szeged index, which is closely related to two other topological indices, the
Wiener index and the Szeged index.
Let G be a simple connected graph with vertex set V (G) and edge set E(G). Let dG(u, v) be the distance between vertices
u and v in G. The Wiener index of G is defined as [7]
W (G) =
−
{u,v}⊆V (G)
dG(u, v).
It has been thoroughly studied; see, e.g., [5,6,1]. Besides of interest for the use in chemistry, it was also independently studied
as of relevance for social science, architecture, and graph theory [22]. If e is an edge of G connecting vertices u and v, then
we write e = uv or e = vu. For e = uv ∈ E(G), let n1(e|G) and n2(e|G) be respectively the number of vertices of G lying
closer to vertex u than to vertex v and the number of vertices of G lying closer to vertex v than to vertex u. If G is a tree,
then it is known thatW (G) =∑e∈E(G) n1(e|G)n2(e|G); see [26]. Gutman [3] introduced, as a generalization of this relation,
a graph invariant named the Szeged index. The Szeged index of a connected graph G is defined as [3]
Sz(G) =
−
e∈E(G)
n1(e|G)n2(e|G).
The Szeged index has received much attention for both its mathematical and computational properties; see, e.g., [11,4,17,
2,27,24], and its various applications in modeling physicochemical properties as well as physiological activities of organic
compounds acting as drugs or possessing pharmacological activity; see [14]. Recent results on the Szeged index may be
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found in [15,29,18], and, in particular, ordering of unicyclic graphs by their Szeged indices was studied in [29]. Related work
may be found in [16]. The Szeged index is a vertex-multiplicative type of topological index that takes into account the way
vertices of a graph are distributed. Recall that a similar topological index, the PI index, takes into account the distribution of
edges of additive type [10,13], which has also been studied extensively; see, e.g., [9,12,19].
Considering contributions from vertices not considered in the definition of Sz, Randić [23] conceived a modified version
of the Szeged index, which is named the revised Szeged index in [20,21], by dividing equally the count vertices at the same
distance from both end vertices of an edge. The revised Szeged index of the graph G is defined as [20,21,23]
Sz∗(G) =
−
e∈E(G)

n1(e|G)+ n0(e|G)2

n2(e|G)+ n0(e|G)2

,
where n0(e|G) is the number of vertices with equal distances from both end vertices of the edge e. Some properties and
applications of this graph invariant have been reported in [20,21,23].
In this paper, we establish further properties for the revised Szeged index. We give bounds for the revised Szeged index,
and determine the n-vertex unicyclic graphs with the smallest, the second-smallest and the third-smallest revised Szeged
indices for n ≥ 5, and the n-vertex unicyclic graphs with the kth-largest revised Szeged indices for all k up to 3 for n = 5,
to 5 for n = 6, to 6 for n = 7, to 7 for n = 8, and to  n2+ 4 for n ≥ 9. We also determine the n-vertex unicyclic graphs of
cycle length r, 3 ≤ r ≤ n, with the smallest and the largest revised Szeged indices.
2. Preliminaries
Let Sn and Pn be respectively the n-vertex star and the n-vertex path. For a connected graph G with u ∈ V (G), let
D(u|G) =∑v∈V (G) dG(u, v). For graph G and H,G = H means that G and H are isomorphic.
Lemma 2.1 ([1]). Let T be an n-vertex tree different from Sn and Pn. Then (n− 1)2 = W (Sn) < W (T ) < W (Pn) = 16 (n3 − n).
We also need the following three lemmas, which are easy to verify; see also [28].
Lemma 2.2. Let T be an n-vertex tree with u ∈ V (T ), where u is not the center if T = Sn and u is not a terminal vertex if T = Pn.
Let x and y be the center of the star Sn and a terminal vertex of the path Pn, respectively. Then n − 1 = D(x|Sn) < D(u|T ) <
D(y|Pn) = 12n(n− 1).
For n ≥ 5, let S ′n be the tree formed by attaching a pendant vertex to a pendant vertex of the star Sn−1, and for n ≥ 6, S ′′n
be the tree formed by attaching two pendant vertices to a pendant vertex of the star Sn−2.
Lemma 2.3. Among the n-vertex trees, S ′n for n ≥ 5 and S ′′n for n ≥ 6 are the unique trees with respectively the second-smallest
and the third-smallest Wiener indices, which are equal to n2 − n− 2 and n2 − 7, respectively.
Lemma 2.4. Let T be an n-vertex tree with n ≥ 6, u ∈ V (T ), T ≠ Sn, where u is not the vertex of maximal degree if T = S ′n. Let
x and y be the vertices of maximal degree in S ′n and S ′′n , respectively. Then D(x|S ′n) = n < D(y|S ′′n ) = n+ 1 ≤ D(u|T ).
Note that if G is a bipartite graph, then n0(e|G) = 0 for any edge e of G and thus Sz∗(G) = Sz(G).
Let Un,r be the set of n-vertex unicyclic graphs with cycle length r , where 3 ≤ r ≤ n, and Un be the set of n-vertex
unicyclic graphs, where n ≥ 3.
3. Revised Szeged indices of connected graphs
In this section, we give best possible lower and upper bounds for the revised Szeged index, and a formula for the revised
Szeged index of unicyclic graphs.
Let Kn be the n-vertex complete graph.
Theorem 3.1. Let G be a connected graph with n vertices. Then
(n− 1)2 ≤ Sz∗(G) ≤ n
3(n− 1)
8
with left equality if and only if G = Sn and with right equality if and only if G = Kn.
Proof. For e ∈ E(G),
n1(e|G)+ n0(e|G)2

n2(e|G)+ n0(e|G)2

= n1(e|G)+ n− n2(e|G)
2
· n2(e|G)+ n− n1(e|G)
2
= n
2 − (n1(e|G)− n2(e|G))2
4
.
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Then
Sz∗(G) = 1
4
−
e∈E(G)

n2 − (n1(e|G)− n2(e|G))2

,
and thus
Sz∗(G) ≥ 1
4
−
e∈E(G)

n2 − (n− 2)2 = (n− 1)|E(G)| ≥ (n− 1)2
with equality if and only if for any e ∈ E(G), {n1(e|G), n2(e|G)} = {n − 1, 1} and |E(G)| = n − 1, i.e., G = Sn. On the other
hand, we have
Sz∗(G) ≤ 1
4
−
e∈E(G)
n2 = 1
4
n2|E(G)| ≤ 1
4
n2
n
2

= n
3(n− 1)
8
with equality if and only if for any e ∈ E(G), n1(e|G) = n2(e|G) and |E(G)| =
 n
2

, i.e., G = Kn. 
Let G be a connected graph with n vertices andm edges. Then by the above proof, we have
(n− 1)m ≤ Sz∗(G) ≤ n
2m
4
with left equality if and only if for any e ∈ E(G), {n1(e|G), n2(e|G)} = {n − 1, 1}, and right equality if and only if for any
e ∈ E(G), n1(e|G) = n2(e|G).
Let Cr(T1, T2, . . . , Tr) be the graph constructed as follows. Let the vertices of the cycle Cr be labelled consecutively by
v1, v2, . . . , vr . Let T1, T2, . . . , Tr be vertex-disjoint trees such that Ti and the cycle Cr have exactly one vertex vi in common
for i = 1, 2, . . . , r . Then any n-vertex unicyclic graph G with a cycle on r vertices is of the form Cr(T1, T2, . . . , Tr) with∑r
i=1 |Ti| = n, where |H| = |V (H)| for a graph H .
Let δ(n) = 0 if n is even and δ(n) = 1 if n is odd. Gutman et al. [8] showed that
Sz(Cr(T1, T2, . . . , Tr)) =
r−
i=1
W (Ti)+
r−
i=1
(|G| − |Ti|)D(vi|Ti)+
r−
i=1
r−
j=1
|Ti| |Tj|dCr (vi, vj)− δ(r)
−
i<j
|Ti| |Tj|.
For the revised Szeged index, we have
Theorem 3.2. Let G = Cr(T1, T2, . . . , Tr). Then
Sz∗(G) =
r−
i=1
W (Ti)+
r−
i=1
(|G| − |Ti|)D(vi|Ti)+
r−
i=1
r−
j=1
|Ti| |Tj|dCr (vi, vj)+ δ(r)

|G|2
2
− 1
4
r−
i=1
|Ti|2 −
−
i<j
|Ti| |Tj|

.
Proof. We divide the edges of G into two groups, namely (a) the edges belonging to the tree Ti, i = 1, 2, . . . , r , and (b) the
edges belonging to the cycle Cr .
Write edge e ∈ E(Ti) as e = uv such that dTi(u, vi) > dTi(v, vi) for i = 1, 2, . . . , r . For any vertex w in Ti, it is counted
dTi(w, vi) times in the sum
∑
e∈E(Ti) n1(e|Ti) for the edges in the path from w to vi. Thus
∑
e∈E(Ti) n1(e|Ti) = D(vi|Ti) for
i = 1, 2, . . . , r (see [8]). Thus the total contribution to Sz∗(G) pertaining to the edges of type (a) is equal to [8]
A =
r−
i=1
−
e∈E(Ti)
n1(e|Ti) (n2(e|Ti)+ |G| − |Ti|)
=
r−
i=1
−
e∈E(Ti)
n1(e|Ti)n2(e|Ti)+
r−
i=1
(|G| − |Ti|)
−
e∈E(Ti)
n1(e|Ti)
=
r−
i=1
W (Ti)+
r−
i=1
(|G| − |Ti|)D(vi|Ti).
If r is even, then the total contribution of the edges of type (b) is equal to
B =
−
e∈E(Cr )
n1(e|G)n2(e|G) =
r−
i=1
r−
j=1
|Ti| |Tj|dCr (vi, vj).
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If r is odd, then the total contribution of the edges of type (b) is equal to
B =
−
e∈E(Cr )

n1(e|G)+ n0(e|G)2

n2(e|G)+ n0(e|G)2

=
−
e∈E(Cr )
n1(e|G)n2(e|G)+ 12 |G|
2 − 1
4
−
e∈E(Cr )
n20(e|G)
=
r−
i=1
r−
j=1
|Ti| |Tj|dCr (vi, vj)−
−
i<j
|Ti| |Tj| + 12 |G|
2 − 1
4
r−
i=1
|Ti|2.
Obviously, Sz∗(G) = A+ B. The result follows easily. 
If the graph Cr(T1, T2, . . . , Tr) is considered in the following sections, we write dij or di,j for dCr (vi, vj) and let Nj =∑
i≠j |Ti|dji, where i, j = 1, 2, . . . , r .
4. Unicyclic graphs with small revised Szeged indices
In this section, we determine the n-vertex unicyclic graph(s) of cycle length r with the smallest revised Szeged index for
3 ≤ r ≤ n, and the n-vertex unicyclic graphs with the smallest, the second-smallest and the third-smallest revised Szeged
indices for n ≥ 5.
Let Sn(t1, t2, . . . , tr) be the n-vertex unicyclic graph Cr(T1, T2, . . . , Tr), where Ti is the star on ti vertices with center vi for
i = 1, 2, . . . , r and∑ri=1 ti = n. Let Sn,r = Sn(t1, t2, . . . , tr)with t1 = n− r + 1 and t2 = · · · = tr = 1.
Lemma 4.1. For G = Cr(T1, T2, . . . , Tr) with |G| = n and r ≥ 3,
Sz∗(G) ≥ Sz∗(Sn(|T1|, |T2|, . . . , |Tr |))
with equality if and only if G = Sn(|T1|, |T2|, . . . , |Tr |).
Proof. By Theorem 3.2 and Lemmas 2.1 and 2.2, Sz∗(G) is minimum if and only if Ti is a star with center vi for each
i = 1, 2, . . . , r . 
Lemma 4.2. Let G = Sn(t1, t2, . . . , tr). Suppose that tk, tl ≥ 2 for 1 ≤ k, l ≤ r with k ≠ l. If r is odd and Nk + 14 tk ≥ Nl + 14 tl,
or if r is even and Nk ≥ Nl, then for G′ = Sn(t ′1, t ′2, . . . , t ′r), where t ′i = ti for i = 1, 2, . . . , r with i ≠ k, l, t ′k = tk − 1 and
t ′l = tl + 1, we have Sz∗(G′) < Sz∗(G).
Proof. By Theorem 3.2 and Lemmas 2.1 and 2.2,
Sz∗(G) = (n− 1)(n− r)+
r−
i=1
r−
j=1
titjdij + δ(r)

n2
2
− 1
4
r−
i=1
t2i −
−
i<j
titj

.
If r is odd and Nk + 14 tk ≥ Nl + 14 tl, then
Sz∗(G)− Sz∗(G′)
2
= (tk − (tk − 1))
−
i≠k,l
tidki + (tl − (tl + 1))
−
i≠k,l
tidli
+ (tktl − (tk − 1)(tl + 1))dkl − 18

t2k + t2l − (tk − 1)2 − (tl + 1)2

− 1
2

(tk + tl)
−
i≠k,l
ti + tktl − (tk − 1+ tl + 1)
−
i≠k,l
ti − (tk − 1)(tl + 1)

=

Nk + 14 tk

−

Nl + 14 tl

+ dkl − 14 > 0,
and if r is even and Nk ≥ Nl, then
Sz∗(G)− Sz∗(G′)
2
= (tktl − (tk − 1)(tl + 1))dkl +
−
i≠k,l
(tkti − (tk − 1)ti)dki +
−
i≠k,l
(tlti − (tl + 1)ti)dli
= dkl − Nl + Nk > 0.
The result follows. 
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Theorem 4.1. Let G ∈ Un,r , where 3 ≤ r ≤ n. Then Sz∗(G) ≥ Sz∗(Sn,r) with equality if and only if G = Sn,r , where
Sz∗(Sn,r) = 14

4n2 + 2nr2 − 4nr − 4n− r3 + 4r + δ(r)(n− r)2 .
Proof. By the definition of the revised Szeged index, we have
Sz∗

Sn,r
 = Sz Sn,r = 1 · (n− 1) · (n− r)+ r2 · n− r2 · r
= (n− 1)(n− r)+ r
2
4
(2n− r)
if r is even, and
Sz∗(Sn,r) = 1 · (n− 1) · (n− r)+

r − 1
2
+ 1
2

·

r − 1
2
+ n− r + 1
2

· (r − 1)+

r − 1
2
+ n− r + 1
2
2
= (n− 1)(n− r)+ r
2 − r
4
(2n− r)+ n
2
4
if r is odd. Thus we have the expressions for Sz∗(Sn,r) as desired.
In the following we show that Sz∗(G) ≥ Sz∗(Sn,r)with equality if and only if G = Sn,r . The cases r = n−1, n are obvious.
Suppose that r ≤ n− 2. Let G = Cr(T1, T2, . . . , Tr) be a graph in Un,r with the smallest revised Szeged index. By Lemma 4.1,
G = Sn(|T1|, |T2|, . . . , |Tr |). If there exist k and l with 1 ≤ k < l ≤ r such that |Tk|, |Tl| ≥ 2, then by Lemma 4.2, we have a
graph G′ ∈ Un,r such that Sz∗(G′) < Sz∗(G), which is a contradiction. Thus r − 1 of |T1|, |T2|, . . . , |Tr | are equal to 1 and the
remaining one is equal to n− (r − 1), i.e., G = Sn,r . 
Theorem 4.2. Among the graphs inUn with n ≥ 3, Sn,3 for 3 ≤ n ≤ 12 and Sn,4 for n ≥ 13 are the unique graphs with the
smallest revised Szeged index, where Sz∗(Sn,3) = 14 (5n2 − 4n− 6) and Sz∗(Sn,4) = n2 + 3n− 12.
Proof. Let f1(r) = Sz∗(Sn,r) for odd r , and f2(r) = Sz∗(Sn,r) for even r . Then by the expression for Sz∗(Sn,r) given in
Theorem 4.1, we have
f ′1(r) =
1
4

(4r − 6)n− 3r2 + 2r + 4 ≥ 1
4
(r − 2)2 > 0,
f ′2(r) =
1
4

(4r − 4)n− 3r2 + 4 ≥ 1
4
(r − 2)2 > 0.
Hence f1(r) is increasing for odd r , and f2(r) is increasing for even r . It follows that the smallest revised Szeged index of
graphs in Un is equal to min{Sz∗(Sn,3), Sz∗(Sn,4)}. By simple calculation or by Theorem 4.1, we have the expressions for
Sz∗(Sn,3) and Sz∗(Sn,4). The result follows by comparing them. 
LetΦn =nr=5 Un,r . LetΓn be the set of graphs C3(T1, T2, T3) inUn,3 with |T2| = |T3| = 1. LetΨn = Un,3\Γn. LetΥn be the
set of graphs C4(T1, T2, T3, T4) in Un,4 with |T2| = |T3| = |T4| = 1. LetΩn = Un,4 \Υn. Then,Un = Φn ∪ Γn ∪Ψn ∪Υn ∪Ωn.
For n ≥ 5 (n ≥ 6, respectively), let S ′n,3 (S ′n,4, respectively) be the n-vertex unicyclic graph formed by attaching a path
on two vertices and n − 5 (n − 6, respectively) pendant vertices to one vertex of C3 (C4, respectively). For n ≥ 6 (n ≥ 7,
respectively), let S ′′n,3 (S
′′
n,4, respectively) be the n-vertex unicyclic graph formed by attaching a star on three vertices at its
center and n− 6 (n− 7, respectively) pendant vertices to one vertex of C3 (C4, respectively).
By Theorem 4.1, we have:
Lemma 4.3. (i) Among the graphs in Un,3, Sn,3 for n ≥ 3 is the unique graph with the smallest revised Szeged index, which is
equal to 14 (5n
2 − 4n− 6).
(ii) Among the graphs in Un,4, Sn,4 for n ≥ 4 is the unique graph with the smallest revised Szeged index, which is equal to
n2 + 3n− 12.
Let G = Cr(T1, T2, . . . , Tr)with |T2| = · · · = |Tr | = 1 and |G| = n. Then by Theorem 3.2, we have
Sz∗(G) = W (T1)+ (r − 1)D(v1|T1)+ r
2(2n− r)+ δ(r)(n− r)2
4
.
Then by Lemmas 4.3, 2.3 and 2.4, we have:
Lemma 4.4. (i) Among the graphs inΓn, Sn,3 for n ≥ 3, S ′n,3 for n ≥ 5 and S ′′n,3 for n ≥ 6 are the unique graphswith respectively
the smallest, the second-smallest and the third-smallest revised Szeged indices, which are equal to 14 (5n
2−4n−6), 14 (5n2−
18) and 14 (5n
2 + 4n− 38), respectively.
(ii) Among the graphs in Υn, Sn,4 for n ≥ 4, S ′n,4 for n ≥ 6 and S ′′n,4 for n ≥ 7 are the unique graphs with respectively the
smallest, the second-smallest and the third-smallest revised Szeged indices, which are equal to n2 + 3n− 12, n2 + 4n− 15
and n2 + 5n− 20, respectively.
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Lemma 4.5. (i) Among the graphs in Ψn with n ≥ 5, Sn(n− 3, 2, 1) is the unique graph with the smallest revised Szeged index,
which is equal to 14 (5n
2 + 2n− 30).
(ii) Among the graphs inΩn with n ≥ 6, Sn(n − 4, 2, 1, 1) is the unique graph with the smallest revised Szeged index, which is
equal to n2 + 5n− 22.
Proof. It is easily seen that for G = Sn(t1, t2, t3) ∈ Ψn,Nk + 14 tk ≥ Nl + 14 tl if and only if tk ≤ tl for 1 ≤ k, l ≤ 3. Then (i)
follows from Lemmas 4.1 and 4.2 by setting r = 3.
LetG = Sn(t1, t2, t3, t4) ∈ Ωn. Obviously,N1 ≤ N3 if and only if t3 ≤ t1, andN1 ≤ N2 if and only if t2+t3 ≤ t1+t4. Suppose
that t1 = max{t1, t2, t3, t4}. Applying Lemma 4.2 by setting r = 4, if t2 = t4 = 1, then Sz∗(G) ≥ Sz∗(Sn(n − 4, 1, 2, 1)) =
n2+7n−32 > Sz∗(Sn(n−4, 2, 1, 1)) = n2+5n−22, and if t2 ≥ 2 or t4 ≥ 2, then Sz∗(G) ≥ Sz∗(Sn(t1+ t3−1, t2, 1, t4)) ≥
Sz∗(Sn(n− 4, 2, 1, 1)) = n2 + 5n− 22 with equalities if and only if G = Sn(n− 4, 2, 1, 1). By Lemma 4.1, the result in (ii)
follows. 
By Theorem 4.1 and the fact shown in the proof of Theorem 4.2 that Sz∗(Sn,r) is increasing for odd r and for even r
respectively, we have:
Lemma 4.6. The revised Szeged index of graphs in Φn with n ≥ 6 is at least Sz∗(Sn,5) = 14 (5n2 + 16n − 80) for 6 ≤ n ≤ 23,
and Sz∗(Sn,6) = n2 + 11n− 48 for n ≥ 24.
Theorem 4.3. Among the graphs inUn with n ≥ 5,
(a) S5(2, 2, 1) for n = 5 is the unique graph with the second-smallest revised Szeged index, which is equal to 26.25;
(b) S ′6,3 and S6(3, 2, 1) for n = 6, S ′n,3 for n = 7, 8 are the unique graphs with the second-smallest revised Szeged index, which
is equal to 40.5 for n = 6, 56.75 for n = 7, and 75.5 for n = 8;
(c) Sn,4 for 9 ≤ n ≤ 12 is the unique graph with the second-smallest revised Szeged index, which is equal to n2 + 3n− 12;
(d) Sn,3 for 13 ≤ n ≤ 16 is the unique graph with the second-smallest revised Szeged index, which is equal to 14 (5n2 − 4n− 6);
(e) S ′n,4 for n ≥ 17 is the unique graph with the second-smallest revised Szeged index, which is equal to n2 + 4n− 15.
Proof. For n = 5, the result follows by comparing the revised Szeged indices of S5(2, 2, 1), S ′5,3, S5,4 and C5, which are equal
to 26.25, 26.75, 28, 31.25, respectively.
By Theorem 4.2 and Lemmas 4.3–4.6, we find that for 6 ≤ n ≤ 12, the second-smallest revised Szeged index of graphs
inUn is precisely achieved by the minimum value of Sz∗(S ′n,3) = 14 (5n2 − 18), Sz∗(Sn(n − 3, 2, 1)) = 14 (5n2 + 2n − 30),
Sz∗(Sn,4) = n2 + 3n− 12, and Sz∗(Sn,5) = 14 (5n2 + 16n− 80); for 13 ≤ n ≤ 23, the second-smallest revised Szeged index
of graphs in Un is precisely achieved by the minimum value of Sz∗(Sn,3) = 14 (5n2 − 4n − 6), Sz∗(S ′n,4) = n2 + 4n − 15,
Sz∗(Sn(n− 4, 2, 1, 1)) = n2+ 5n− 22, and Sz∗(Sn,5) = 14 (5n2+ 16n− 80); for n ≥ 24, the second-smallest revised Szeged
index of graphs inUn is precisely achieved by theminimum value of Sz∗(Sn,3) = 14 (5n2−4n−6), Sz∗(S ′n,4) = n2+4n−15,
Sz∗(Sn(n− 4, 2, 1, 1)) = n2 + 5n− 22, and Sz∗(Sn,6) = n2 + 11n− 48. 
Theorem 4.4. Among the graphs inUn with n ≥ 5,
(a) S ′n,3 for n = 5 and 9 ≤ n ≤ 12 is the unique graphwith the third-smallest revised Szeged index, which is equal to 14 (5n2−18);
(b) S ′′6,3 for n = 6 is the unique graph with the third-smallest revised Szeged index, which is equal to 41.5;
(c) S7(4, 2, 1) for n = 7 is the unique graph with the third-smallest revised Szeged index, which is equal to 57.25;
(d) S8,4 for n = 8 is the unique graph with the third-smallest revised Szeged index, which is equal to 76;
(e) S ′n,4 for 13 ≤ n ≤ 16 is the unique graph with the third-smallest revised Szeged index, which is equal to n2 + 4n− 15;
(f) Sn,3 for 17 ≤ n ≤ 19 is the unique graph with the third-smallest revised Szeged index, which is equal to 14 (5n2 − 4n− 6);
(g) Sn(n−4, 2, 1, 1) for n ≥ 20 is the unique graph with the third-smallest revised Szeged index, which is equal to n2+5n−22.
Proof. For n = 5, the result follows by comparing the revised Szeged indices of S ′5,3, S5,4 and C5, which are equal to 26.75,
28, 31.25, respectively.
By Theorems 4.2 and 4.3, the third-smallest revised Szeged index inUn is precisely the smallest revised Szeged index of
graphs in
An =

U6 \ {S6,3, S ′6,3, S6(3, 2, 1)} for n = 6,
Un \ {Sn,3, S ′n,3} for n = 7, 8,
Un \ {Sn,3, Sn,4} for 9 ≤ n ≤ 16,
Un \ {Sn,4, S ′n,4} for n ≥ 17.
In the following we consider these cases. For n = 6, by Lemmas 4.4–4.6, the smallest revised Szeged index in An is
precisely achieved by the minimum value of Sz∗(S ′′6,3) = 41.5, Sz∗(S6(2, 2, 2)) = Sz∗(S6,4) = 42 and Sz∗(S6,5) = 49. For
n = 7, 8, the smallest revised Szeged index inAn is precisely achieved by theminimumvalue of Sz∗(S ′′n,3) = 14 (5n2+4n−38),
Sz∗(Sn(n − 3, 2, 1)) = 14 (5n2 + 2n − 30), Sz∗(Sn,4) = n2 + 3n − 12, and Sz∗(Sn,5) = 14 (5n2 + 16n − 80). For
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9 ≤ n ≤ 16, the smallest revised Szeged index inAn is precisely achieved by theminimum value of Sz∗(S ′n,3) = 14 (5n2−18),
Sz∗(Sn(n − 3, 2, 1)) = 14 (5n2 + 2n − 30), Sz∗(S ′n,4) = n2 + 4n − 15, Sz∗(Sn(n − 4, 2, 1, 1)) = n2 + 5n − 22 and
Sz∗(Sn,5) = 14 (5n2 + 16n − 80). For 17 ≤ n ≤ 23, the smallest revised Szeged index in An is precisely achieved by the
minimum value of Sz∗(Sn,3) = 14 (5n2 − 4n − 6), Sz∗(S ′′n,4) = n2 + 5n − 20, Sz∗(Sn(n − 4, 2, 1, 1)) = n2 + 5n − 22
and Sz∗(Sn,5) = 14 (5n2 + 16n − 80). For n ≥ 24, the smallest revised Szeged index in An is precisely achieved by the
minimum value of Sz∗(Sn,3) = 14 (5n2 − 4n − 6), Sz∗(S ′′n,4) = n2 + 5n − 20, Sz∗(Sn(n − 4, 2, 1, 1)) = n2 + 5n − 22 and
Sz∗(Sn,6) = n2 + 11n− 48. 
5. Unicyclic graphs with large revised Szeged indices
In this section, we determine the n-vertex unicyclic graph(s) of cycle length r with the largest revised Szeged index for
3 ≤ r ≤ n, and the n-vertex unicyclic graphs with the kth-largest revised Szeged indices for all k up to 3 for n = 5, to 5 for
n = 6, to 6 for n = 7, to 7 for n = 8, and to ⌊ n2⌋ + 4 for n ≥ 9.
Let P(r, l, a, b) be the unicyclic graph obtained by attaching a path Pa at one terminal vertex to v1 and a path Pb at one
terminal vertex to vl of the cycle Cr , where l = 2, . . . , ⌊ r2⌋ + 1. If a = 0 or b = 0, then no path is attached to v1 or vl.
Let Q (r, a) = P(r, l, a, 0). Let Pn,r = P

r, r2 + 1, ⌈ n−r2 ⌉, ⌊ n−r2 ⌋

if r is even, and Pn,r = Q (r, n − r) if r is odd. Obviously,
Pn,n = Cn for n ≥ 3.
Theorem 5.1. Let G ∈ Un,r , where 3 ≤ r ≤ n. Then Sz∗(G) ≤ Sz∗(Pn,r) with equality if and only if G = Pn,r , where
Sz∗(Pn,r) =

2n3 + 3n2 − 2n+ r3 − 3r2 + 2r − 3
12
if n is odd and r is even,
2n3 + 3n2 − 2n+ r3 − 3r2 + 2r
12
otherwise.
Proof. By the definition of the revised Szeged index, we have
Sz∗(Pn,r) =
n−r
i=1
i(n− i)+

n− r + r − 1
2
+ 1
2

·

r − 1
2
+ 1
2

· (r − 1)+

r − 1
2
+ n− r + 1
2
2
if r is odd,
Sz∗(Pn,r) = 2
(n−r)/2
i=1
i(n− i)+ rn
2
4
if n and r are even, and
Sz∗(Pn,r) = 2
(n−r−1)/2
i=1
i(n− i)+ n− r + 1
2
·

n− n− r + 1
2

+ r(n
2 − 1)
4
if n is odd and r is even, from which we can get the expression for Sz∗(Pn,r) as desired.
In the following we prove that Sz∗(G) ≤ Sz∗(Pn,r)with equality if and only if G = Pn,r . The cases r = n−1, n are obvious.
Suppose that r ≤ n− 2. Let G = Cr(T1, T2, . . . , Tr) be a graph in Un,r with the largest revised Szeged index. Let ti = |Ti| for
i = 1, 2, . . . , r . By Theorem 3.2 and Lemmas 2.1 and 2.2, Ti = Pti with one terminal vertex vi for i = 1, 2, . . . , r .
Suppose that there exist distinct k, l and m with 1 ≤ k, l,m ≤ r such that tk, tl, tm ≥ 2 and tm ≥ max{tk, tl}. Suppose
without loss of generality that t2k +

n+ 12δ(r)

tl + 2Nl ≤ t2l +

n+ 12δ(r)

tk + 2Nk. Let G′ = Cr(T ′1, T ′2, . . . , T ′r ), where
T ′i = Ti for i = 1, 2, . . . , r with i ≠ k, l, T ′k = Ptk+1 and T ′l = Ptl−1. Obviously, G′ ∈ Un,r . Note that by Lemmas 2.1 and 2.2,
for a path Ps with an end vertex u,W (Ps) = 16 (s3 − s) and D(u|Ps) = 12 s(s− 1). By Theorem 3.2,
Sz∗(G′)− Sz∗(G) = W (T ′k)+W (T ′l )−W (Tk)−W (Tl)+ (n− tk − 1)D(vk|T ′k)+ (n− tl + 1)D(vl|T ′l )
− (n− tk)D(vk|Tk)− (n− tl)D(vl|Tl)+ 2
−
i≠k,l
tidki − 2
−
i≠k,l
tidli + 2dkl ((tk + 1)(tl − 1)− tktl)
+ δ(r)

−1
4

(tk + 1)2 + (tl − 1)2 − t2k − t2l
− ((tk + 1)(tl − 1)− tktl)
= 1
6

(tk + 1)3 − (tk + 1)+ (tl − 1)3 − (tl − 1)− (t3k − tk + t3l − tl)

+ 1
2
((n− tk − 1)tk(tk + 1)+ (n− tl + 1)(tl − 1)(tl − 2))
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− 1
2
((n− tk)tk(tk − 1)+ (n− tl)tl(tl − 1))+ 2(Nk − Nl)− 2dkl + 12δ(r)(tk − tl + 1)
=

t2l +

n+ 1
2
δ(r)

tk + 2Nk

−

t2k +

n+ 1
2
δ(r)

tl + 2Nl

− 2tl − 2dkl + n+ 1+ 12δ(r).
Note that 2tl + 2dkl ≤ tl + tm + r ≤ n + 1. If 2tl + 2dkl < n + 1, then Sz∗(G′) > Sz∗(G), a contradiction. Suppose that
2tl + 2dkl = n + 1. Then r is even, dkl = r2 , dml < r2 and tm = tl ≥ tk = 2. Suppose without loss of generality that
t2m + ntl + 2Nl ≤ t2l + ntm + 2Nm. Let G′′ be the graph formed from G by deleting the pendant vertex in Tl and attaching it
to the pendant vertex in Tm. Obviously, G′′ ∈ Un,r . Since 2tl + 2dml < n+ 1, we have
Sz∗(G′′)− Sz∗(G) = t2l + ntm + 2Nm− t2m + ntl + 2Nl− 2tl − 2dml + n+ 1 > 0,
and then Sz∗(G′′) > Sz∗(G), also a contradiction. It follows that whether r is odd or even, r − 2 of t1, t2, . . . , tr are equal to
1; say ti = 1 for i ≠ k, l. Let tk = a and tl = b, where a ≥ b ≥ 1 and a+ b+ r − 2 = n. If a, b ≥ 2, then denote by Ga,b or
Ga,b(k, l) such a form of G.
Case 1. r is odd. If a ≥ b ≥ 2, then
Sz∗(Ga+1,b−1)− Sz∗(Ga,b) =

b2 +

n+ 1
2

a+ 2Nk

−

a2 +

n+ 1
2

b+ 2Nl

− 2b− 2dkl + n+ 32
= (a− b+ 1)

n+ 3
2
− a− b− 2dkl

.
Note that a + b + 2dkl ≤ n − r + 2 + r − 1 < n + 32 . Then, we have Sz∗(Ga+1,b−1) > Sz∗(Ga,b) = Sz∗(G), a contradiction.
Thus a = n− (r − 1), b = 1, and then G = P(r, 1, n− r, 0) = Pn,r .
Case 2. r is even. Suppose without loss of generality that k = 1 and l ≤ r2 + 1. If l ≤ r2 , then by the expressions for Sz∗(G)
given above, for a, b ≥ 2, we have
Sz∗(Ga,b(1, l+ 1))− Sz∗(Ga,b(1, l)) = 2

abd1,l+1 − abd1l + ad1l − ad1,l+1 + (b− 1)
−
j≠1,l,l+1
(dl+1,j − dlj)

= 2 abd1,l+1 − abd1l + ad1l − ad1,l+1 + (b− 1)(d1l − d1,l+1)
= 2(a− 1)(b− 1) > 0,
and then Sz∗(Ga,b(1, l+ 1)) > Sz∗(Ga,b(1, l)), a contradiction. Thus, if a, b ≥ 2, then l = r2 + 1. If a+ 2 ≤ b, then
Sz∗

Ga+1,b−1
− Sz∗ Ga,b = b2 + na+ (2b− 2)dlk − a2 − nb− (2a− 2)dlk − 2b− 2dlk + n+ 1
= (r − 1− 2dlk)(a+ 1− b) = b− a− 1 > 0,
and thus Sz∗

Ga+1,b−1

> Sz∗

Ga,b

, a contradiction. It follows that |a − b| ≤ 1, l = r2 + 1, and then G =
P

r, r2 + 1, ⌈ n−r2 ⌉, ⌊ n−r2 ⌋
 = Pn,r . 
We point out that this theorem in the case when r is even has been proven in [29], as in this case the revised Szeged
index coincides with the Szeged index. We include a proof here for completeness.
Theorem 5.2. Among the graphs in Un with n ≥ 5, Cn, Pn,n−1 and Pn,n−2 are the unique graphs with respectively the largest,
the second-largest and the third-largest revised Szeged indices, which are equal to 14n
3, 14

n3 − n2 + 3n− 2− δ(n) and
1
4

n3 − 2n2 + 8n− 8, respectively.
Proof. By the expression for Sz∗(Pn,r) given in Theorem 5.1 with 4 ≤ r ≤ n, we have
Sz∗(Pn,r)− Sz∗(Pn,r−1) = r
3 − 3r2 + 2r − 3
12
− (r − 1)
3 − 3(r − 1)2 + 2(r − 1)
12
= r
2 − 3r + 1
4
> 0
for odd n and even r , and
Sz∗(Pn,r)− Sz∗(Pn,r−1) = r
3 − 3r2 + 2r
12
− (r − 1)
3 − 3(r − 1)2 + 2(r − 1)− 3
12
= r
2 − 3r + 3
4
> 0
for odd n and r , and
Sz∗(Pn,r)− Sz∗(Pn,r−1) = r
3 − 3r2 + 2r
12
− (r − 1)
3 − 3(r − 1)2 + 2(r − 1)
12
= r
2 − 3r + 2
4
> 0
for even n. Thus, Sz∗(Pn,r) > Sz∗(Pn,r−1) for 4 ≤ r ≤ n.
R. Xing, B. Zhou / Discrete Applied Mathematics 159 (2011) 69–78 77
Note that |Un,n| = |Un,n−1| = 1. The result follows easily. 
Let P ′n,n−2 = Q (n− 2, 2) if n is even, and P ′n,n−2 = P

n− 2, n−12 , 1, 1

if n is odd.
Theorem 5.3. Among the graphs inUn with n ≥ 6,
(a) for n = 6, P ′6,4 and P6,3 are the unique graphs with respectively the fourth-largest and the fifth-largest revised Szeged indices,
which are equal to 45 and 44.5 , respectively;
(b) for n ≥ 7, P ′n,n−2 and P

n− 2, ⌊ n2⌋ − 1, 1, 1

are the unique graphs with respectively the fourth-largest and the fifth-largest
revised Szeged indices, which are equal to 14 (n
3−2n2+8n−12+2δ(n)) and 14 (n3−2n2+8n−16−2δ(n)), respectively;
(c) P7,4 is the unique graph with the sixth-largest revised Szeged index for n = 7, which is equal to 70 , and P(6, 2, 1, 1) and P8,5
are the unique graphs with respectively the sixth-largest and the seventh-largest revised Szeged indices for n = 8, which are
equal to 106 and 105 , respectively;
(d) for n ≥ 9, P n− 2,  n2+ 4− k, 1, 1 is the unique graph with the kth-largest revised Szeged index for 6 ≤ k ≤  n2+ 2,
which is equal to 14 (n
3 − 2n2 + 8n − 8k + 24 − 2δ(n)), and Sn,n−2 and Pn,n−3 are the unique graphs with respectively the n
2
+ 3th-largest and the  n2+ 4th-largest revised Szeged indices, which are equal to 14 (n3 − 2n2 + 4n+ 4δ(n)) and
1
4 (n
3 − 3n2 + 15n− 20− δ(n)), respectively.
Proof. By Theorem 5.1 and the proof of Theorem 5.2, if G ∈ Un with cycle length at most n− 3, then Sz∗(G) ≤ Sz∗(Pn,n−3)
with equality if and only if G = Pn,n−3.
Suppose that 2 ≤ l ≤  n2− 1. If n is odd, then
Sz∗(P(n− 2, l, 1, 1)) = 1 · (n− 1) · 2+

n− 1
2
+ 1
2
2
· (l− 1+ l− 2)+ n− 1
2
· n+ 1
2
· 2
+

n− 3
2
+ 1
2

·

n− 3
2
+ 5
2

· (n− 2l− 1),
and if n is even, then
Sz∗(P(n− 2, l, 1, 1)) = 1 · (n− 1) · 2+

n− 2
2
+ 1
2
· 2(l− 1)+ n− 2
2
· n+ 2
2
· (n− 2l) .
Thus, Sz∗(P(n − 2, l, 1, 1)) = 14

n3 − 2n2 + 4n+ 8l− 8+ 2δ(n), which is increasing for l with 2 ≤ l ≤  n2 − 1. It is
easy to check that Sz∗(P ′n,n−2) = 14

n3 − 2n2 + 8n− 12+ 2δ(n). It follows that the revised Szeged indices of graphs in
Un,n−2 = {Pn,n−2, P ′n,n−2} ∪ {P(n− 2, l, 1, 1) : 2 ≤ l ≤
 n
2
− 1} ∪ {Sn,n−2}may be ordered as
Sz∗(Pn,n−2) > Sz∗(P ′n,n−2) > Sz
∗

P

n− 2,
n
2

− 1, 1, 1

> · · · > Sz∗(P(n− 2, 2, 1, 1)) > Sz∗(Sn,n−2).
Note that Sz∗(Sn,n−2) = 14

n3 − 2n2 + 4n+ 4δ(n). Suppose that n ≥ 6. We compare the revised Szeged indices of graphs
in Un,n−2 with Sz∗(Pn,n−3) = 14

n3 − 3n2 + 15n− 20− δ(n). Since
Sz∗(Sn,n−2)− Sz∗(Pn,n−3) = 14

n2 − 11n+ 20+ 5
4
δ(n),
we have Sz∗(Sn,n−2) > Sz∗(Pn,n−3) for n ≥ 9, and Sz∗(Sn,n−2) < Sz∗(Pn,n−3) for n = 7, 8. Since
Sz∗(P(n− 2, 2, 1, 1))− Sz∗(Pn,n−3) = 14 (n− 4)(n− 7)+
3
4
δ(n),
we have Sz∗(P(n − 2, 2, 1, 1)) > Sz∗(Pn,n−3) for n ≥ 7, and Sz∗(P(n − 2, 2, 1, 1)) < Sz∗(Pn,n−3) for n = 6. Note that
Sz∗(P ′n,n−2) > Sz∗(Pn,n−3) for n = 6. By Theorem 5.2, the result follows easily. 
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